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A one-dimensional singular integral equation which appeared in a previous paper on
random rough surface scattering theory (J. Math. Phys. 13, 1903 (1972)) is solved
numerically using quadratic splines. Tts solution yields an approximation to the co-
herent (specular) scattered intensity for plane wave incidence on the surface. This
approximate scattered intensity is plotted versus the Rayleigh factor ¥ = k,ocos 6;,
where k, is the wavenumber of the incident plane wave, ¢ is the surface root mean
square height, and 6 is the angle of the incident plane wave. For values of 3 > 1 this
approximation yields more coherent intensity than the Kirchhoff approximation.

1. INTRODUCTION

Some recent papers [1-3] have considered scattering from a Gaussian distributed
random rough surface. Feynman diagramlike techniques were used to simplify
the resulting integral equations for the moments of the surface Green’s function,
and to systematize the approximations to these equations. In particular, an integral
equation, called the Dyson equation, was derived for the first moment (mean)
of a function linearly related to the surface Green’s function. Using the planar
translational invariance of the problem, this Dyson equation was written as a
one-dimensional singular integral equation. Its solution is complicated by the
fact that the Born (or inhomogeneous) term and the kernel of the equation are
(related) infinite series of terms (connected diagrams) which are not known in
closed form. In this paper we study numerically the lowest order approximate
solution of this Dyson equation obtained by approximating the Born term and
the kernel by the first term in their series expansion. This yields an integral equation
of the following form [4] for the scattering amplitude =+

2 o 4
s k) = Cll, — k) + A (7 S D) p (L) ez k) dke, (1)

7l o (K — K% —ie* \K7

where k, , k,’, etc., are the z-components of wavenumbers, K2 = k2 — k2, with
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k, the wavenumber of the plane wave incident on the surface and &, the transverse
component of the wavenumber vector, i.e., k, = (k. , k,). Here the dependence
of the function 7+ on k, and k, is suppressed. P indicates the Cauchy principle
value distribution, and the limit € — 0 is understood. The characteristic function
C(k,) of the Gaussian surface distribution is given by

Clk,) = exp[—(1/2) o], {2

where o is the root mean square height of the surface. The function C(k,) is the
first term in the infinite series expansion of the Born term and the kernel of the
exact Dyson equation, and the approximation (k. , k,} ~ Clk, — k,"} vieids
the Kirchhoff approximation [5]. We want to calculate the specular (coherent)
intensity 7 given by

I(kJ_ > kz_L) = ‘ T+(K> _K)

80, — ki)
for a wave scattered in the &, direction due to an incident wave in the &, direction.
Here 6(k,) stands for the two-dimensional (transverse) Dirac delta function, and
the functional value (K, —K) is found by putting the solution of (1) “on-sheil,”
i.e., by setting k, = K and k,” = — K. This brief introduction is intended only o
summarize the background. A complete discussion can be found in Ref. [1].

1n Section 2 we discuss the numerical solution of (1) using scaling and a quadratic
spline approximation. The numerical results are presented in Section 3, where
{7+ 1% is plotted versus the parameter 2 = kyocos 8;, §; being the incidence
angle of the plane wave. Although we confine our discussion to the scalar case
for a hard (Neumann) boundary [1], similar matrix sets of equations arise in
elastic media with a stress-free random boundary [2], and in electromagnetic
media with a perfectly conducting random boundary [3].

2. NUMERICAL SOLUTION

In this section we discuss the numerical solution of (1). First, scale the equation.
That is, consider K to be a fixed parameter of the problem, and scale the other
parameters in the equation with respect to X. Define ¢ by

k., = kycos § = ko cos 0, = K&, (4)

with the on shell value £ == 1. Substituting (4) in (1) and setting
T, &) = +H(K¢E, KE), (53
Co) = C(K9), &
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we write (1) as

16 ¢) = et — )+ @ [ LT p (D) renerae,

and, from (3), we wish to calculate | (1, —1)|%. Rewrite (7) so that the kernel
will have three principal value singularities by using the operator relation [6, 7]

(€ —1—i™=PE?— ) + @/ — D+ + D), (®)
so that (7) becomes

T €)= C§ — &) + UDHCE — D TU, &) — Cé + D T(—L &)}

L [ CfE— &) T, &) dE"
B P oy )

Letting successively ¢ = <41 and £ = —1 in (9), algebraically “solving” the
resulting set of equations for 7(l, £’) and T(—1, &) in terms of still unknown
integrals and resubstituting the results into (9) yields the result

16,6) = 86, 6)+ Lo BELTE DX (10)

where the Born term B is defined as

B(¢, &) = Cy(¢§ — &) + A{Co(§ — DIB/2) Col — &) — (1/2) Cy(2) Co1 + €]
— Co(€ + DI(1/2) Gl + &) + (1/2) C2) Co(1 — &, (11

with
4 = 2[3 + C2(2)] . (12)

Hence, we want the solution of (10) in order to calculate | 7(1, —1)[2.
To solve (10) numerically, we make use of the following observation:

Let m = 2 be an even integer, h = 1/m, L an integer >1, N = mL, &, = kh for

k=0,241,42,.., N so that L=¢y, —-L=§¢n, 0=¢&,, 1 =¢,, and
~1=¢_,. Let o(y) be a real function defined on [—L, L), and define for
—L<y<L

Su(y) = 2 ‘P(fk)slc()’),

k=—N

where each quadratic spline s( ) is defined in [— L, L] as follows [8]:
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(a) Ifkisodd, then
(—m 2 (y — Eray — fi.-+1) Jor yelés. gi:-(»l.j*

s(3) = 10 elsewhere in [—L, L1.
(by Ifkiseven, —N <<k < N, then

g @ (y — &)y — &) Sor J' s, 6,
s{y) = ? (2]12)_1 (y — fk+1)( y— glﬁ—-\) for ye [g n+2-]

{ eiseuwe;s n—L, L%

N ((2/’ Yy —EnvDdH Ay — €y Sor yelfiy, vl
@ svly)= elsewhere in [—L, L.

S(th)*l(y — vy — €xd) Jor yelfns, Enl
{0

(d)y sy(y) = o .
) saly) eisewhere in [—L, L].

Then if p is even, —N <p < N, on the interval [§,_., §,1, Su(¥) coincides vith a
second degree polynomial interpolating ¢(y) at the points £, , &, , and &, .

To verify this observation, note that on the interval [§,.,, £,], where
—N < p < N, we have

Si(3) = @€ 5p-2(3) + (€50 55a(3) + (£,) 5,(5)
= @) (y — &0y — &) ¢(€,0)
— () (y = £,0(y — &)y ¢l
+ @) (y — )y — -0 9L
so that

Si€p2) = (P(f p—2)s Su€ 1) = CP(f p—1)s and Si(¢ o= @(f oi

Now, given the integral equation (10), with the unknown function 7 and para
eter £, choose m and L as above and replace (10) by

Bl\b, "II) T()'ﬂ g.) a’é‘:ﬂ , 2\
TG ) = BE.¢) + ;P [ PO az
with singularities at O, 1, and —1. Let A, N, and &k =0, 4-1,..., =N be as

above. For each £, & we regard B(£, £") T(€”, £') in (13) as the ¢(y) of the above
observation, and we replace it by S,(y). Thus, (13) is replaced by

A=—N
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with
L 0)) .
=P 2 _dy, k=041, £2,..., +N. 15
a=P[ e £l £ 2 =
Next, set the parameter £ = —1 since we only need 7(¢, —1). To solve (14)

numerically, set there £ = §; (j =0, +1, +2,..., =N), and obtain the system
of 2N - 1 linear equations in the 2N + 1 unknowns 7(¢§;, —1):

N
Y buT(E, —1) = =B, —1), (16)
k=—N
where, for j, k = 0, 4-1, +-2...., &N,
by, = (@) @B, , €) — O (17
9, being the Kronecker delta

(1 for j=k,

S = 1o for j + k.

We can derive from our definition of the a,

a, =0,

a_p = —a, k=12,...,N.
Performing the integrations (15) (assuming m > 4) we obtain

() Ifkisodd, k>0

ap = — k)1 — (k4 DAL — (k — 1) Al n{[1 — (k + D AY[1 — (kK — 1) AT}
— @)1+ (k+ DAL+ (k— D) AlIn{[1 + (k + D AY[1 + (k — 1) AL}
+ (k2 — 1) In{(k + D/(k — 1)}.
(b) Hkiseven,2 <k<m—2orm—+2<k<N~—2,
a, = (3/2h){(1 — k) In(1 — kk) — (1 4 k&) In(1 - kh)}

L 3k In(kh) + (1/2)(k — 2)(k — D In[(k — 2) A]
— (1/2)(k + 2)tk + 1) In[(k + 2) 4]
+ @R[l 4 (k + 1) AL + (k + 2) Al Infl + (k + 2) A]
Ll —(k+ DA — G+ 2)AIn[l — (k +2)A]
— [+ & = DA 4+ (k — 2) Al In[1 + (kK — 2) A]
—[1 — (k= DAl — (k — 2) Al In[l — (kK — 2) A]},
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@y = (B2 + B+ By In(l + k) — 2 — hXL — By In(l — k)
+ (1 — A1 — 2h) In(1 — 2h) — (1 + A)Y(1 + 24) In(1 + 24)),

Qs = =312 = (B2 {F £ 3h)(1 = 4h) In(l + 44
— 6k(1 + B)In(l 4 k) + (2 + 13k + 1853 In(1 = 24},

ay =+ @ (N+2)h - 1][(N+ DA+ 1 In{[Nt + 1N - 25+ 1
AN 4+ 2 h — 1[N+ DA — 13 1n{[Nh — 1IN =2 b — 13
— QR (N + N + 1) B2 In{NJ(N -+ 2)).

Using these values for the g, , (16) was inverted taking i = é and N = 30..
The results are discussed in the next section.

3. NUMERICAL RESULTS

Figure 1 is a plot of the natural logarithms of | 7(1, — 1), B¥1. —1) and CX2)
versus the parameter X = ko cos 0; for 2 varying over [0, 2]. 2 is called the
Rayleigh roughness parameter [5]. The function C@¥2) = exp(—2?) is the
Kirchhoff approximation to the specular {coherent) intensity [31. The function
B(l, —1) was derived by removing the singularities in our original integral equation
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Fic. i. Plot of the natural logarithms of | 71, — )3, BX(1, —1) 2nd Cy X2} versus T ==
kyocosb,;.
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and is defined by (I1). T(1, —1) is an approximate solution of (10) and was
obtained by solving (16). Its relation to our original amplitude =+ is given by (5).

The results indicate that the removal of the singularities to generate a new
inhomogeneous term of the integral equation (i.e., going from C, in (7) to B in
(10)) has no great effect, at least on shell, since Cy(2) and B(l, —1) are nearly
equal over the full range of 2. Indeed, up to about 2 = 1, solving the integral
equation makes no appreciable difference in the resulting coherent intensity. For
larger values of 2, however, there is considerable difference in T and B. Thus, the
Kirchhoff approximation for the coherent (specular) intensity yields virtually the
same results as our lowest order approximate solution of the Dyson equation,
71, —1), up to X=1. For X > 1, T(1, —1) yields more coherent (specular)
intensity than the Kirchhoff approximation.
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